This work focuses on the construction of reduced kinetic models and the use of these models for the simulation of combustion processes governed by strongly coupled thermo-chemical and convection/diffusion sub-processes. The ILDM method is used to reduce the system dynamics in the composition space to lower dimensional manifolds. This manifold approximates an invariant system manifold of slow motions. A modification of the ILDM approach based on a special system representation is suggested, which allows to use an ILDM of low dimension even in cases where the standard formulation would require a high dimension. In this way difficulties of generating relatively high dimensional ILDMs are overcome. The approach allows a more accurate description of coupled thermo-chemical and transport sub-processes. When the processes are split a method of extension of the ILDM manifold to cover all the domain of interest in the full state space is suggested. It is based on the assumption of slow chemistry inside the low-temperature zone of the flame. To verify the approach 1D stationary free flat laminar flames are investigated. It is shown that the approximation allows a representation of the full system dynamics governed by detailed chemical kinetics and molecular transport.
Introduction
During the last two decades there has been an enormous progress in the numerical modeling of laminar and turbulent flames (see e.g., [13] for references). However, despite the steadily increasing computational power and increasing efficiency of numerical methods detailed calculations of technical combustion processes are in most cases computationally prohibitive, especially when combustion processes are considered with detailed chemical kinetics models, where the timescales may differ by orders of magnitude (1 s to 10 À10 s) and the number of species and reaction steps exceeds 100 and 1000, respectively. The disparity in timescales leads to a stiffness of the mathematical models that makes their numerical treatment problematic, and large computational resources are needed for an accurate integration of such systems. Hence, in order to overcome these difficulties methods for reduction of both dimensionality and stiffness of the systems describing combustion problems are frequently developed and used (see e.g., [4] )
At present there are a number of asymptotical/ analytical and numerical tools able to treat the multi-scale system of differential equations. An incomplete list includes the computational singular perturbation (CSP) method [1] [2] [3] , the method of integral or invariant manifolds (MIM) [5] [6] [7] [8] and the functional iteration method [9] . These methods have been constantly improved, and many variations are now available. One other technique that has been developed to simplify chemical kinetics is the ILDM (intrinsic low dimensional manifolds) method [10] . The method allows an automatic exploration of the hierarchical structure of the system by a spectral decomposition of the Jacobian of the source term and an approximation of an invariant system manifold. The method has a mathematical background, and it was shown in a number of works [15] [16] [17] [18] that the ILDM provides a good approximation of the invariant manifold of slow motions (up to the second order [16] ), when a gap condition of the Jacobian's eigenvalues is satisfied. This condition will be discussed below and it means that the eigenvalues are separated into two subgroups according to their orders of magnitude.
In spite of many advantages of ILDM type automatic reduction models there are principal, fundamental drawbacks of such approaches. The first is connected with the fact that an attractive property of the manifold containing the reduced system dynamics does not exist everywhere in the whole domain of interest in the state space. It means that the system dynamics cannot be reduced by the ILDM in some part or in some sub-domain of the whole domain. A lack of a rigorous methodology for the separation of slow and fast chemistry domain is the second major drawbacks. For that reason, by now, there are a number of ''tricks'' which make the implementation of the ILDM technique possible. Examples are fake state space relations in the domain where the ILDM does not exist, or flamelet prolongation of the ILDM [21] . In the following we suggest an algorithm which overcomes these drawbacks in general case. Moreover, it allows systematically treating the coupling of the chemical and transporting sub-processes by an adaptive increase of the dimension of the manifold. In the following we shall outline the concept and verify it using the simple syngas/air flame, which has been the subject of previous studies. This is a quite simple test case, but nevertheless includes all the specific problems of the dynamics of combustion systems. An application for the chemistry of combustion of high hydrocarbons (which have been studied sufficiently in the context of the ILDM approach, see [10] [11] [12] [13] [14] ) is straightforward.
Mathematical description
A key inspiration of the work is the concept of a domain decomposition that is introduced to treat the transport and chemical terms separately.
This together with a modification of the ILDM that allows to calculate ILDMs of high dimensions very efficiently improves the performance of the ILDM significantly. The suggested modification of the ILDM is based on a general framework that has been developed in a number of works (see for instance [17, 18] ), where the question of system reduction based on a decomposition into fast/slow subsystems technique is intensively studied.
A brief description of ILDM and suggested modifications
To present mathematical and geometrical essence of the suggested technique let us define a vector w = (w 1 , . . . , w n ) characterizing the thermo-chemical state of the system, here w i represents such thermodynamic quantities as the pressure of mixture, the enthalpy, the mass fraction of chemical species, etc. In these vector notations a system of governing equations for reacting flow can be symbolically written as
where the first term related to chemical kinetics (source term) and the second one describes transport processes (convection/diffusion term). If the spectral gap condition Eq. (2) is satisfied, that is eigenvalues À k j , j = 1, . . . , n of the source term Jacobi matrix À F w are separated into two subgroups
where the ratio À e = a/b reflects the difference in time scales, then the locally invariant subspaces related to these sub-group eigenspaces define corresponding projection operators À Z f , Z s :
These projectors define both the system decomposition and reduced system dynamics. According to the ILDM method a manifold containing the slow system dynamics is given as the manifold that annihilates the sub-processes spanned into the fast subspace:
To solve Eq. (4), determining the ILDM manifold, is not a simple task especially for highly dimensional manifolds due to the matrix'sZ f definition. Furthermore during the calculation of the ILDM the eigenvalue decomposition is computationally demanding. Therefore, to reduce the level of nonlinearity and simplify the equation the fact that the ILDM is close to the first order approximation defined by standard perturbation theory [17, 18] is used. The major output of the analysis performed in [18] is the following. The ILDM manifold produces a reasonable approximation whenever there is an almost constant matrix field transforms the original system to the SPS form. Let us describe this fact briefly and present the suggested modifications. If the theoretical framework of the SPS [5] [6] [7] [8] is applied then the simplified version might be given as
This corresponds to some zero order approximation of the invariant system manifold when the transport term in Eq. (1) is neglected and the system small parameter tends to zero. Here the eigenspaces are defined at some reference point w 0 that must be additionally specified. Consequently the main source of complexity and nonlinearity is sufficiently concentrated in F(w) and the eigenvalue problem has not to be solved on each attempt to find the point on the manifold Eq. (5). To improve performance of the modified version approximations of an invariant manifold of high order of magnitude can be of use, for instance, the implicit form of the first order approximation becomes
Additionally, the reference point produces the decomposition might be changed according to the local structure of decomposition. In another words, fixed decomposition may be checked and corrected by choosing another reference pointw 0 during the generation procedure of the ILDM table.
Domain decomposition and general methodology
As a motivation and illustration of the domain decomposition approach let us look at the projection of stationary solutions of flat syngas/air flames onto the CO 2 -HO 2 plane shown in Fig. 1 . This system has been the subject of previous studies and the reader is referred to [12] for detailed information. In Fig. 1 different system trajectories are plotted which correspond to different compositions of the unburnt mixture, which nevertheless have the same specific enthalpy and the same element composition, and therefore the same equilibrium value. The figure shows the typical behavior of stationary solutions of combustion problem. They all start initially at different mixture composition points and each of them follows the so called ''mixing'' line until at a boundary it enters the reaction zone in the flame front, which can be seen from the rapid change of the direction the trajectories.
To use this behavior, let us assume that the domain of interest can be separated into three different sub-domains such that in the first one X 1 (see sketch on Fig. 2a ) the chemical kinetics governs the system dynamics, which means that the fast chemical processes always equilibrate towards some low dimensional manifold which contains the slow system dynamics and interaction of the slow sub-processes with convection diffusion ones. In the second domain X 2 the chemical and convection/diffusion processes are strongly coupled or in other words the terms in Eq. (1) have the same order of magnitude. The third one X 3 is the domain of very (infinitely) slow chemistry where the chemical source term is negligible and the system dynamics is governed by convection/diffusion only.
Typically, the system trajectory in the state space links the equilibrium point, which always belongs to the ILDM manifold and therefore to X 1 , with the initial point (the unburnt point which corresponds to a given boundary condition) and is usually located in X 3 (chemistry is ''slow''Àsource term is exponentially small (see Fig. 2 
)).
Note that there might be of course fast chemical processes which are fast everywhere in the domain. For the analysis we can, however, assume that they are already split off before the analysis (e.g., by the standard ILDM concept), and the system dimension is simply reduced beforehand.
Accordingly, three different situations depending on the location of the initial point must be accounted for. Fortunately, in many practical combustion problems the second domain asymptotically shrinks into the boundary between first and third domains (see Figs. 1 and 2b ) and, consequently, can be ignored or neglected without essential loss of accuracy. This might be considered as an additional assumption, but for real combustible mixtures it is fulfilled automatically due to strongly nonlinear dependence of the chemical term on system quantities. Moreover, the problem with accuracy can be solved by increasing the dimension of the considered manifold. In fact, it is a rare situation that there are many slow chemical modes that have to be taken into account for interaction with physical modes in the whole domain of interest in the state space, at least for typical combustion systems.
In the following, let us concentrate on the most complicated and typical case when the initial and equilibrium points belong to different domains. Now, the basic idea is to exploit the behaviour in the different domains and to construct a matching procedure between the different domains. Specifically, in the first domain X 1 the ILDM can be applied to obtain the reduced dynamics and then extended to the thirdÀX 3 . To understand what might be used as a suitable extension of the ILDM, consider the system dynamics in the third domain with an absence of the source term and with the additional assumption of equal diffusivities. In this case the nature of the diffusion term gives rise to the fact that each linear manifold in the composition space constitutes an invariant manifold. In the case of non-equal diffusivities, the situation is more complex, but a similar (non linear) invariant manifold can be obtained by an analysis of the eigenspaces of the diffusion matrix [20] . In other words, the system in Eq. (1) becomes linear, and therefore, any linear combination would be invariant under the degenerated system without the source term. Additionally, the fact that in the stationary limit the system solution is close to the so called mixing line allows us to use locally linear manifolds starting from the boundary domain till the initial/unburned point. The term linear only means that the extended manifold locally belongs to a linear hyper-plane joining the boundary of the ILDM with the initial point.
Definition of the boundary manifold
The next problem that must be solved during the identification of the ILDM is the identification of the boundary separating the two domains. It is overcome by using either the gap condition with some user specified small parameter in Eq. (2) reflecting the difference in time scales of the neglected sub-processes or by defining the turning manifold of the approximated system according to the standard SPS approach [5] [6] [7] [8] and [17] [18] [19] . Thus, the fact that the point w belongs to the boundary or not depends on the following conditions:
jRe½k ns ðF w ðwÞÞj jRe½k nsþ1 ðF w ðwÞÞj 6 e 0 ;
ðiiÞ w :
In other words, the tabulation procedure for the ILDM continuously checks these inequalities and thus identifies the boundary manifold. The first condition normally reflects the situation when an additional chemical mode becomes slow and therefore the dimension of the slow subsystem has to be increased (see a gap condition introduced in Eq. (2)). The second condition in Eq. (7) means that the system trajectory leaves the low n s -dimensional manifold by relatively fast motion and consequently the dimension has to be increased as well. It is obvious that at this point the questions of definition of the boundary manifold, measuring time scales of the sub-processes as well as determination of the minimal dimension of the slow manifold in the fast chemistry domain are crucial points of the method and must be investigated before generating the matched manifold. Complete answers on these questions can not be given in the general case; they strictly depend on local properties of the considered model and on the accepted level of reduced model accuracy, but they can be obtained during the generation of the ILDM. Therefore future work will focus on an identification of the physical time scales during the integration of the reacting flow equations and on an adaptation of the dimension of the manifold. This can be done by a ''calculation of the ILDM on demand'' during the flame simulation.
Identification and matching of the slow chemistry manifolds
Now, assuming that the boundary manifold has been already found, let us describe the proposed algorithm of extension of the manifold from the first to the third domain in more details.
As it was described earlier a manifold consisting of local hyper-planes and joining the (n s À 1)-dimensional boundary manifold with the boundary point is used in the slow chemistry domain. Accordingly, after reaching the boundary manifold, the ILDM equations (see Eq. (4) or (5)) are replaced by a new set of equations. The algorithm used for the generation of the ILDM is based on a multi-dimensional continuation process [12] . In the slow chemistry domain a linear hyper-plane is constructed locally during the build-up of the manifold cells. In order to allow a simple modification of the existing algorithm, we replace the manifold equations:
by P w ¼ 0;
where P, P ? denote the parameterization matrix and its orthogonal complement, I is the identity matrix, w in Àthe initial point and V = (w À w in )e + T, here e is the unit vector, e = (1, . . . , 1)
T , and T is the local tangent space of the manifold boundary (see [11] for details of the manifold construction). It can be shown by simple algebra that all points fulfilling Eq. (9) lie on the linear hyper-plane spanned by the cell boundary and initial point.
Implementation
In reality one has to make a choice between the cost of integrating the system dynamics on the relatively high dimensional manifold and accuracy needed for simulations. If it is important to approximate the detailed chemistry without a high accuracy, a low dimensional manifold of dimension one or two might be considered in the fast chemistry domain.
If a more accurate description of detailed chemistry throughout the flame front is needed then a manifold of relatively high dimension has to be used. Moreover, the use of a high dimension might sufficiently improve the situation with the boundary domain when the boundary domain separating the dynamics is not negligible. Of course the calculation of high dimensional ILDMs may be computationally expensive, but in practical for higher dimensional manifolds approximations for the invariant manifold can be used. Such approximations which has been used here, is described above.
To summarize let us repeat shortly the main steps of the suggested algorithm:
(1) Generation of the ILDM according to Eqs.
(8), (5) or (6) depending on the accepted level of accuracy); (2) Definition of the boundary manifold by using the boundary condition: Eq. (7); (3) Calculation of the approximation in the slow chemistry domain from the boundary till the initial point Eq. (9); (4) Tabulation of the extended ILDM together with information on the state space and the projection operator for the transport term; (5) Use of the tables in flame calculations. Figure 3 visually represents the major steps in projection onto 3D space. It can be seen that on the active chemistry part the modified ILDM (the first order approximation was used according to the specification given in Section 2.1) approaches the stationary solution quite good, then it reaches the boundary and after that almost linear extension is built up. number equals to unity. (The general case of more complicated transport models had been the subject of previous earlier publications [11] .)
State space analysis
The example is a laminar flame of carbon monoxide/hydrogen/air mixture (CO/H 2 /H 2 O/CO 2 / N 2 /O 2 ). In this case the state space is 15-dimensional, and the dimension of the reaction space is 9. Figure 4 shows projection of the 1D-, 2D-and 3D ILDM manifolds together with the stationary solutions for different boundary conditions. The state space is projected onto the CO 2 -H 2 O plane. These variables are often used to parameterize the ILDM manifold because they are major reaction products. As one can see the projected part of the phase plane might be roughly subdivided according to the curves plotted in the figure. Namely, near the initial/unburnt and equilibrium/burnt points (Figs. 4a and b) all the system trajectories follow the straight mixing lines starting at the initial point and 1D ILDM near equilibrium, then being far away from those points and close to the boundary domain they start to deviate from the both curves: the system trajectory leaves the 1D ILDM manifold and furthermore it is no longer a straight line far away from the initial point. Because the chosen variables for projecting are relatively slow their modes are strongly coupled with convection/diffusion processes in the boundary domain which becomes to be no longer negligible.
The boundary domain does not shrink to the boundary manifold, at least on this projection see in contrast Fig. 1 , therefore the use of a 2D manifold improves the accuracy of the reduced model (Fig. 4b ). 
Comparison of detailed and reduced models
Let us now present the performance of the extended 1D and 2D ILDMs. We continue with the same example, but consider only one mixture composition and extend the 1D and 2D dimensional manifold according to the suggested method. The results of the extension on the whole domain are shown in Fig. 3 . In Fig. 6 the results of the use of reduced models are presented by typical profiles of major (CO 2 , Fig. 6a) In previous work (see e.g., [14] ) we showed that minor species can be predicted very well by 3D manifolds.
Conclusions
A method for constructing of the approximation of the manifold of slow motions in the whole domain of interest in the state space of complex combustion problem has been presented and discussed. It is based on natural assumptions widely used in combustion theory. Namely, it is assumed that there exists a sharp subdivision (splitting) of the state space into sub-domains with predomination of chemical kinetics or convection/diffusion terms. Accordingly, in the domain of fast chemistry the ILDM method or its suggested modification is used to approximate invariant manifold of slow motions whereas in the ''no chemistry'' or low-temperature domain the locally linear extension of the ILDM and matching procedures have been proposed. The boundary is identified by combined analysis of the local Jacobian and relevant constant decomposition structure. It is suggested to increase the ILDM dimension to improve the performance of the ILDM near the boundary manifold and an approximation of the IDLM has been suggested in order to speed-up the generation procedure for the ILDM table. The 1D premixed adiabatic syngas/air free flames with detailed and reduced chemical mechanism were used to verify the proposed approach. Calculations show a good asymptotical agreement of the system dynamics on the constructed manifold with full system solutions.
